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1.0 INTRODUCTION 

1.1 OBJECTIVE 

In the  p a s t  s e v e r a l  y e a r s ,  the  u s e  of p a r t i a l l y  ion ized  g a s e s ,  c o m -  
m o n l y  ca l l ed  p l a s m a s ,  in  the  r e s e a r c h  and t e s t  e n v i r o n m e n t  has  
b e c o m e  c o m m o n p l a c e .  T h e s e  p l a s m a s  o c c u r  in s u c h  d i v e r s e  a p p l i c a -  
t ions  as  a r c - h e a t e d  wind t u n n e l s ,  l a s e r s ,  e l e c t r o n  b e a m  d i a g n o s t i c s ,  
r e e n t r y ,  and r a d i o f r e q u e n c y  (RF) h e a t e r s .  The  m a n n e r  of t r e a t m e n t  of 
the  p l a s m a  s t a t e  u s u a l l y  e m p l o y e d  is  to e x p r e s s  the  g r o s s  p r o p e r t i e s  of 
f lows  in t e r m s  f a m i l i a r  f o r  u n - i o n i z e d  g a s e s ,  and at the  s a m e  t i m e  
accoun t  fo r  the  o b s e r v a b l e s  p e c u l i a r  to the  p l a s m a  s t a t e .  The  bulk gas  
p r o p e r t i e s  m a y  s t i l l  be e x p r e s s e d  as  p r e s s u r e ,  t e m p e r a t u r e ,  d e n s i t y ,  
e tc .  0 whi le  the  p l a s m a  p r o p e r t i e s  a r e  de f ined  in t e r m s  of e l e c t r o n  
d e n s i t y ,  r e c o m b i n a t i o n  r a t e ,  e tc .  

B e c a u s e  the  e l e c t r o n - i o n  r e c o m b i n a t i o n  p r o c e s s  i s  n e c e s s a r i l y  a 
c o l l i s i o n s /  one,  i t  i s  g e n e r a l l y  d e s c r i b e d  t h r o u g h  the  u se  of a r e c o m b i -  
n a t i o n  r a t e  coe f f i c i en t .  The  r e c o m b i n a t i o n  r a t e  coe f f i c i en t  is  r e l a t e d  
to the  p r o b a b i l i t y  of the  o c c u r r e n c e  of a s u c c e s s f u l  r e c o m b i n a t i o n  everY, 
i n t e g r a t e d  o v e r  the  e n e r g y  d i s t r i b u t i o n  func t i on  of the  c o l l i s i o n  p a r t n e r s .  
B e c a u s e  s o m e  c r o s s  s e c t i o n s  ( p r o b a b i l i t i e s )  a r e  v e r y  d i f f i cu l t  and o t h e r s  
a r e  i m p o s s i b l e  to ob ta in  d i r e c t l y  f r o m  t h e o r y ,  the  r a t e  c o e f f i c i e n t s  a r e  
g e n e r a l l y  ob ta ined  t h r o u g h  e x p e r i m e n t a l  m e a n s .  Al though r e c o m b i n a t i o n  
r a t e  coe f f i c i en t  d e t e r m i n a t i o n s  have  b e e n  the  s u b j e c t  of n u m e r o u s  i n v e s -  
t i g a t i o n s ,  the  m e a s u r e m e n t s  a r e  of ten  c o m p r o m i s e d  or  m a d e  m o r e  
d i f f i cu l t  by  the  s h o r t  p l a s m a  l i f e  t i m e  of by c o n t a i n m e n t  e f f ec t s .  

T h e  p r e s e n t  work  is  an e x a m i n a t i o n  of the  p r o c e s s e s  a f f ec t ing  the  
e l e c t r o n  n u m b e r  d e n s i t y  a long  the  c e n t e r l i n e  of the  f r e e l y  expand ing  
p l a s m a .  The  t i m e  r a t e s  of change  of the  e l e c t r o n  d e n s i t y  a t t r i b u t a b l e  
to the  g a s  d y n a m i c  and r e c o m b i n a t i o n  m e c h a n i s m s  a r e  c o m p a r e d  to  
a s c e r t a i n  the  u t i l i t y  of a s i m p l e  a p p r o a c h  of d e t e r m i n i n g  the  r e c o m b i -  
n a t i o n  r a t e  coe f f i c i en t .  T h i s  a p p r o a c h  r e q u i r e s  only  the  d e t e r m i n a t i o n  
of the  e l e c t r o n  n u m b e r  d e n s i t y  at po in t s  a long  a s t r e a m l i n e  of the  f r e e l y  
expand ing  p l a s m a ,  as ,  f o r  e x a m p l e ,  the  c e n t e r l i n e  of an a r c j e t  p lume .  
To be  s u c c e s s f u l ,  the  r e c o m b i n a t i o n  r a t e  m u s t  n e c e s s a r i l y  d o m i n a t e  
the  t i m e  r a t e  of change  of the  e l e c t r o n  n u m b e r  d e n s i t y  a t t r i b u t a b l e  to 
g a s - d y n a m i c  p r o c e s s e s .  The  e x a m i n a t i o n  of the  r e l a t i v e  m a g n i t u d e  of 
t h e s e  two r a t e s  c o n s t i t u t e s  the  m a j o r  p o r t i o n  of t h i s  r e p o r t .  

7 
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1.2 BACKGROUND 

1.2.1 Experimental Determination of Recombination Rates 

D e t e r m i n i n g  the  va lue  of the  e l e c t r o n - i o n  r e c o m b i n a t i o n  r a t e  coe f f i -  
c ien t ,  ~, fo r  d i f f e r e n t  g a s e s  has  b e e n  the  sub j ec t  of n u m e r o u s  s t u d i e s  
(Refs .  1 t h r o u g h  11). In 1896, T h o m s o n  and R u t h e r f o r d  m a d e  the  f i r s t  
s t u d i e s  of r e c o m b i n a t i o n  (Ref. 1) and p r o p o s e d  the  m e c h a n i s m  of 
r e c o m b i n a t i o n  to exp la in  the  g r a d u a l  d e c r e a s e  in the  conduc t iv i ty  of a 
gas  fo l lowing  i ts  i o n i z a t i o n  by a bu r s t  of X - r a y s .  Va r ious  e x p e r i m e n t a l  
t e c h n i q u e s  have  s i n c e  b e e n  u s e d  to d e t e r m i n e  t h e  r e c o m b i n a t i o n  r a t e  
coe f f i c i en t .  D i f f i cu l t i e s  in e x p e r i m e n t a l l y  d e t e r m i n i n g  ~ a r e  due to the  
l o s s  of e l e c t r o n s  f r o m  a m e a s u r e m e n t  v o l u m e  by d i f fus ion  as we l l  as 
r e c o m b i n a t i o n  (Ref. 1). 

E f f ec t i ve  m e a s u r e m e n t s  of h e l i u m  r e c o m b i n a t i o n  r a t e  coe f f i c i en t s  
by Biond i  and B r o w n  (Refs .  2 and 3) u t i l i z e d  m i c r o w a v e s  to i on i ze  the  
s a m p l e  gas  as wel l  as a m e a n s  for  m e a s u r e m e n t .  T h e s e  m e a s u r e m e n t s  
d e p e n d e d  upon ob ta in ing  the  m e a n  decay  t i m e  of c h a r g e  d e n s i t y  fo l lowing  
b r e a k d o w n  in a c o n t a i n e r  of known d i m e n s i o n s .  D i f fus ion  and wal l  
r e c o m b i n a t i o n  e f f ec t s  w e r e  p r e s e n t ,  and it was  n e c e s s a r y  to accoun t  
fo r  t h e m .  O s k a m  (Ref. 4) a n a l y z e s  s o m e  of the  s h o r t c o m i n g s  of th i s  
app roach .  D e s p i t e  t h e s e  d i s a d v a n t a g e s ,  o t h e r  i n v e s t i g a t o r s ,  i nc lud ing  
Redfield and Holt (Ref. 5), Oskam and Mittelstadlt (Ref. 6), and Chen 
(Refs. 7, 8) have used the approach for ascertaining the recombination 
rate coefficients for the rare gases He, Ne, Ar, Kr, and Xe. Other 
investigators are cited in Ref. I. 

Another approach which has been used successfully in recent years 
for both helium and argon is that of laser interferometry. The laser 
work, pioneered by Gusinow, Gerardo, and Verdeyen (Ref. 9) uses a 
plasma produced in a laser cavity. The resultant change in the laser 
frequency caused by the presence of the electrons yields the necessary 
data for the recombination rate coefficient determination. Their proce- 
dure uses the refractivity of the plasma at optical wavelengths and the 
expression deduced by Gerardo and Verdeyen (Ref. 10). The experi- 
ment also requires accounting for diffusion effects. 

Another approach in recent years has been to use spectroscopic 
techniques to obtain the fundamental data necessary to ascertain the 
recombination rate coefficients. This approach, illustrated for example 
by the work of Shirai and Tabei (Ref. 11), builds upon an analytic tech- 
nique first suggested by Byron, Stabler, and Bortz (Ref. 12) and requires 
detailed measurement of absolute spectral intensities as well as a 
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d e t a i l e d  c a l c u l a t i o n a l  p r o c e d u r e .  Sh i r a i  and T a b e i  u s e d  as t h e i r  p l a s m a  
s o u r c e  the  f r e e l y  expand ing  p l u m e  f r o m  a h e l i u m  a r c j e t ,  thus  showing  
the  b a s i c  f e a s i b i l i t y  of the  e x p e r i m e n t a l  approach .  T h e i r  a p p r o a c h  
r e q u i r e s  m e a s u r e m e n t  of the  i n t e n s i t i e s  of s p e c t r a l  l i n e s  o r i g i n a t i n g  
f r o m  the  s e v e r a l  e x c i t e d  s t a t e s  and r e l a t i n g  t h e s e  to the  abso lu t e  n u m -  
b e r  d e n s i t i e s  of e a c h  e n e r g y  l e v e l .  The  n u m b e r  d e n s i t i e s  can  t h e n  be 
r e l a t e d  to the  c o l l i s i o n a l  c r o s s  s e c t i o n s  and t h e n c e  to the  r e c o m b i n a t i o n  
r a t e  coe f f i c i en t .  

An a l t e r n a t i v e  pos s ib i l i t y ,  m u c h  s i m p l e r  in  concep t ,  is to d e t e r m i n e  
the  f r e e  e l e c t r o n  n u m b e r  d e n s i t y  at s u c c e s s i v e  po in t s  a long the  c e n t e r -  
l i n e  of the  p l u m e  f r o m  the  a r c j e t .  Th is  n u m b e r  d e n s i t y ,  a long wi th  an 
accoun t ing  of the  flow ve loc i ty ,  a l lows  the  a v e r a g e  r a t e  of change  of 
the  f r e e  e l e c t r o n  n u m b e r  d e n s i t y  to be c a l c u l a t e d  and t h e n c e ,  r e l a t e d  
to the  r e c o m b i n a t i o n  r a t e  coe f f i c i en t .  

1.2.2 Theoretical Calculations 

S e v e r a l  a p p r o a c h e s  have  a l so  b e e n  t a k e n  to d e t e r m i n e  t h e o r e t i c a l l y  
the  r e c o m b i n a t i o n  r a t e  coe f f i c i en t  for  h e l i u m  and a rgon .  One of the  
m e t h o d s  is  a so lu t i on  of the  q u a s i - e q u i l i b r i u m  equa t i ons  fo r  c o l l i s i o n -  
r a d i a t i v e  r e c o m b i n a t i o n  as p r o p o s e d  by Ba t e s ,  K ings ton ,  and M c W h i r t e r  
(Ref. 13); Th i s  m e t h o d ,  d e s c r i p t i v e  of the p h y s i c a l  p r o c e s s e s  invo lved ,  
wi l l  be d i s c u s s e d  in m o r e  de t a i l  in a s u b s e q u e n t  s e c t i o n  and was u s e d  by 
D r a w i n  (Ref. 14) to ob ta in  r e c o m b i n a t i o n  r a t e  coe f f i c i en t s  fo r  h e l i u m .  
D r a w i n ' s  r e s u l t s  a r e  u s e d  in the  p r e s e n t  s tudy fo r  t h e o r e t i c a l  h e l i u m  
c a l c u l a t i o n s  coupl ing  the  g a s - d y n a m i c  and r e c o m b i n a t i o n  p r o c e s s e s .  

In a s e c o n d  me thod ,  p r o p o s e d  by Byron ,  S t ab le r ,  and Bor t z  (Ref. 12), 
the  p r i n c i p l e  is u s e d  tha t  u n d e r  e q u i l i b r i u m  cond i t ions  t h e r e  e x i s t s  a 
p r o n o u n c e d  m i n i m u m  in the to ta l  r a t e  of d e - e x c i t a t i o n  of a t o m s  as a 
func t ion  of the p r i n c i p a l  quan tum n u m b e r  of the  exc i t ed  s t a t e .  Th i s  
m i n i m u m  l i m i t s  the  net  r a t e  of t h r e e - b o d y  r e c o m b i n a t i o n  to the  r a t e  of 
d e - e x c i t a t i o n  of the l e v e l  at which  the m i n i m u m  o c c u r s .  Us ing  th i s  
s i m p l e r  c a l c u l a t i o n a l  m e t h o d  in the h y d r o g e n i c  a p p r o x i m a t i o n ,  W a n l e s s  
(Ref. 15), ob ta ined  a r g o n  r e c o m b i n a t i o n  r a t e  c o e f f i c i e n t s  in  a g r e e m e n t  
wi th  the  e x p e r i m e n t a l  va lue s  of Chen  (Ref. 7). S ince  W a n l e s s '  r e s u l t s  
a g r e e  wi th  the  m o r e  c o m p l e x  m e t h o d  and c o v e r  a wide  r a n g e  of e l e c t r o n  
t e m p e r a t u r e s  and e l e c t r o n  d e n s i t i e s ,  they a r e  u s e d  in the  p r e s e n t  s tudy  
fo r  t h e o r e t i c a l  a r g o n  ca l cu l a t i ons  coupl ing  the g a s - d y n a m i c  and r e c o m -  
b ina t i on  p r o c e s s  es .  
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2.0 THEORY 

2.1 INTRODUCTION 

The d e s c r i p t i o n  of the  f r e e  e x p a n s i o n  of a p a r t i a l l y  ion ized  gas  f r o m  
an a r c j e t  i nvo lve s  two d i s t i n c t ,  ye t  coupled ,  p h y s i c a l  p h e n o m e n a .  
R e c o m b i n a t i o n  p r o c e s s e s  a r e  con t inua l ly  p r o v i d i n g  fo r  the  a d j u s t m e n t  of 
the  n u m b e r  d e n s i t i e s  of the  c h a r g e d  s p e c i e  ( f ree  e l e c t r o n s  and s i n g l y  
c h a r g e d  ions  fo r  the  p u r p o s e s  of t h i s  study}. The  g a s - d y n a m i c  p r o c e s s e s  
i nvo lved  in  the  r a p i d  e x p a n s i o n  of the gas  f r o m  a r e s e r v o i r  c a u s e s  the  
n u m b e r  d e n s i t i e s  to d e c r e a s e  wi th  i n c r e a s i n g  d i s t a n c e  f r o m  the r e s e r -  
v o i r .  S ince  the  d e s c r i p t i o n  of e a c h  p h e n o m e n o m  invo lves  q u a n t i t i e s  
a f fec ted  by the  o the r ,  a t h e o r e t i c a l  d e s c r i p t i o n  of the  p r o c e s s e s  m u s t  
i nc lude  c o n s i d e r a t i o n s  fo r  s u p e r p o s i n g  the  two p h e n o m e n a .  In t h i s  
s e c t i o n ,  the  equa t ions  d e s c r i b i n g  r e c o m b i n a t i o n  and g a s - d y n a m i c  p r o -  
c e s s e s  a r e  d i s c u s s e d ,  as  we l l  as  the  t e c h n i q u e  u sed  fo r  s u p e r p o s i n g  
the  two p r o c e s s e s .  

2.2 COLLISIONAL-RADIATIVE RECOMBINATION 

The  i n i t i a l  work  on a b road  d e s c r i p t i o n  of e l e c t r o n - i o n  r e c o m b i n a -  
t i on  was  done by B a t e s ,  K i n g s t o n ,  and i~,IcWhirter (Ref. 13} fo r  o p t i c a l l y  
th in  and o p t i c a l l y  t h i ck  h y d r o g e n i c  p l a s m a s .  F o r  the  c a s e  of an op t i -  
c a l l y  t h in  p l a s m a ,  t hey  conf ined t h e i r  d i s c u s s i o n  to the r e c o m b i n a t i o n  
of e l e c t r o n s  (denoted  by e ' )  wi th  b a r e  n u c l e i  (denoted  by N +) of c h a r g e  
Ze  (where  Z is  the  l e v e l  of i o n i z a t i o n  and e is  the  c h a r g e  on an e lec t ron}  
to f o r m  h y d r o g e n  a t o m s  or  h y d r o g e n i c  ions .  L e t t i n g  p, q denote  the  
quan tum  n u m b e r s  of the  d i s c r e t e  l e v e l s  and l e t t i n g  c r e p r e s e n t  the  con-  
t i nuum,  the  n u m b e r  d e n s i t i e s  of a t o m s  or  ions  in  the  i n d i c a t e d  l e v e l s  
a r e  deno ted  by n(p}, n(q}. The  n u m b e r  d e n s i t y  of f r e e  e l e c t r o n s  a r e  
d e s i g n a t e d  by n(c) and the ions  n(N+). 

The  c o l l i s i o n a l  e x c i t a t i o n  or  d e - e x c i t a t i o n  p r o c e s s ,  which  can be 
written 

n(p)  + e" ~ n(q)  -,- e" 

is  d e s c r i b e d  wi th  K(p, q) as  the  r a t e  coe f f i c i en t .  R a d i a t i v e  r e c o m b i n a t i o n ,  

n(N +) + e"--+ n(p) + hv 
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is  d e s c r i b e d  by the  r a t e  coe f f i c i en t  ~(p). T h r e e - b o d y  r e c o m b i n a t i o n  into 
s o m e  s t a t e  p is  d e s c r i b e d  by the r a t e  c o e f f i c i e n t s  K(c,  p), and the  r e v e r s e  
i on i z ing  p r o c e s s  by the  r a t e  coe f f i c i en t  K(p, c). The  t h r e e - b o d y  r e a c t i o n  
is  w r i t t e n  

n(N 4) , e" ~. n(p) , e" 

The  s p o n t a n e o u s  r a d i a t i v e  t r a n s i t i o n  p r o b a b ~ i t y  fo r  the  r e a c t i o n  

n(p) ~ n(q) + hi, 

is denoted by A(p, q). 

With the a s s u m p t i o n s :  (1) t ha t  the  e l e c t r o n i c  t r a n s i t i o n s  c a u s e d  
by- a t o m - a t o m ,  a t o m - i o n ,  or  i o n - i o n  c o l l i s i o n s  can  b e ' n e g l e c t e d ;  (2) 
b o u n d a r y  e f f ec t s  can  be neg lec t ed ;  and (3) the  p l a s m a  is  o p t i c a l l y  t h in  
so  tha t  a l l  e m i t t e d  r a d i a t i o n  e s c a p e s  the p l a s m a  wi thout  be ing  a b s o r b e d ,  
B a t e s  et al .  (Ref. 13) w e r e  able  to e x p r e s s  the r a t e  of change  of n(p) 
wi th  t i m e  by 

dn(p) 
dt 

F 
-n(p)  Ln(c) K(p.q) - 

+ n(c) ~" n(q)K(q.p) 
q~p 

+ n2(c) [K(c.p) 

n(e) ,l*p E K(p.q) + q<o~ A(p.q)] 

+ E n(q) A(q.p) 
q> P 

+ /3(p)] 

(I) 

The terms in Eq. (I) can be identified, respectively, as depopu- 
lation caused by collisional ionization, collisional excitation, or de- 
excitation from state p to some other qth state, radiative decay from 
state p to state q, population of state p caused by collisional excita- 
tion or de-excitation from some other qth state, radiative decay to 
state p from some higher state q, three-body recombination into 
state p, and radiative recombination into state p. Thus, Eq. (i) forms 
the algebraic combination of all the rates that add to or subtract from 
the number density of atoms in level p. It should be noted that, in the 
formulation of Eq. (I), if a particular effect or transition is not al- 
lowed, the corresponding rate coefficient would be zero. If one thus 
writes an equation of the type represented by Eq. (I) for each state 
available to the plasma, one has at hand the complete transient de- 
scription for the plasma decay. The solution to that problem has been 
attacked elsewhere (Ref. 16). 

However, following Bates, et al. (Ref. i), assuming that a quasi- 
steady-state condition (all rates are negligible except dn(1)/dt and 

II 



AE DC-TR-76-34 

dn(c)/dt) is established almost instantaneously, and utilizing certain 
equilibria considerations, the system of equations represented by 
Eq. (I) can be replaced by the equation 

dn(1) _- l" n(c)n(N +) (2) 
dt 

for  s ingle  ionizat ion.  Equat ion (2) e x p r e s s e s  the t ime  r a t e  of change 
of the populat ion of the ground s ta te ,  n(1), of the a tom and depends 
upon the t ime  r a t e  of change of al l  o ther  quantum s ta tes  being neg l ig i -  
bly s m a l l  compared  to that  of the ground s ta te  and the f r e e  e l e c t r o n  
density. In Eq. (2), P can be written as 

r = ~ - s~ (1 )  (3) 
n(c) 

where  ~ is cal led the c o l l i s i o n a l - r a d i a t i v e  r e c o m b i n a t i o n  (CRR) r a t e  
coeff ic ient ,  and S is the c o l l i s i o n a l - r a d i a t i v e  ion iza t ion  (CRI) r a t e  
coeff ic ient .  Continuing with the r e s u l t s  of Bates ,  et a l . ,  and subs t i tu -  
t ing Eq. (3) into Eq. (2), one obtains 

dn(1) 
- an(c)n(N +) - S n(1)n(N ~') (4) 

dt 

which yields dn(1)/dt in terms of ~ and S. For the conditions encoun- 
tered in this study, the terms resulting from CRI are negligibly small 
and are thus neglected through the remainder of this work. For example, 
at an electron temperature of 10,000°K, an atom density on the order 
of 1018 cm-30 and as suming  one -pe r cen t  ionizat ion,  the C R R  coeff ic ient  
for  he l ium is on the o r d e r  of 10 -11 c m 3 / s e c  and the CRI coeff ic ient  
fo r  he l ium is on the o rde r  of 10 -19 c m 3 / s e c  (Ref. 14). This  y ie lds  

r a t e s  on the o r d e r  of 1023 c m - 3 / s e c  and 1015 c m - 3 / s e c  for  C R R  and 
CRI, r e s p e c t i v e l y .  

Since the p l a smas  cons ide red  in this  work a re  a s sumed  to be 
s ingly  ionized,  the quas i=s t eady- s t a t e  a s sumpt ion  y ie lds  the condi t ion 

dt dt 
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or 

dn(c) (6) 

In o r d e r  to d e t e r m i n e  the r e c o m b i n a t i o n  r a t e  coeff ic ient  in the absence  
of o ther  ef fects  and us ing  Eq. (6), the e l e c t ron  number  dens i ty  along 
with the t i m e  r a t e  of change of number  dens i ty  is al l  that  is  n e c e s s a r y .  

2.3 GAS DYNAMICS AND RECOMBINATION 

In the  f r e e  expans ion  of a s ing ly  ionized p l a s m a  f rom an a r c j e t ,  
the change in the e l e c t r o n  number  dens i ty  f rom one point to ano ther  
along the plume cen t e r l i ne  is  due not only to r ecombina t ion ,  but a lso  
to the g a s - d y n a m i c  ef fec ts .  The ve loc i ty  of the flow can be used in 
r e l a t i n g  t i m e  and pos i t ion ,  so that  in p r inc ip le ,  a t yp i ca l  g a s - d y n a m i c  
( spa t i a l ly  dependent)  d e s c r i p t i o n  can be used in d e t e r m i n i n g  the t ime  
r a t e  of change of the e l e c t ron  number  dens i ty  a t t r ibu tab le  to the expan-  
s ion  ef fec ts .  

It has  been shown that  if the deg ree  of ion iza t ion  is sma l l ,  conven-  
t iona l  i s e n t r o p i c  g a s - d y n a m i c  theo ry  should give a good approx ima t ion  
fo r  m a c r o s c o p i c  p l a s m a  p r o p e r t i e s  (Ref. 17) in the a r c j e t  p lume,  such  
as p r e s s u r e ,  t e m p e r a t u r e ,  and dens i ty .  T h e r e f o r e  (Ref. 18), 

p Y ] 

70  = + 
(7) 

where  ~ is  the r a t io  of spec i f i c  hea ts  (~/ = 1.67 for  noble gases ) ,  M is 
the Mach number  (M = V/c ,  where  V is the ve loc i ty  of the flow and c 
is  the speed  of sound), p is the m a s s  dens i ty  at some  point d o w n s t r e a m  
of the nozzle ,  and Po is  the m a s s  dens i ty  at s t agna t ion  condi t ions .  The 
m a s s  dens i ty  is d i r e c t l y  p ropor t iona l  to the number  of p a r t i c l e s  per  
uni t  volume;  t h e r e f o r e ,  fo r  two points in the flow 

1 

f n+ non-'(N+~ =__j, (1 + y_ 1 M~ ) 2  y-t 

1 

no "]2 

(8) 
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w h e r e  the  n u m e r a t o r  in  the  t e r m s  on the  l e f t  e x p r e s s e s  the  n u m b e r  
d e n s i t y  of heavy  p a r t i c l e s  at e a c h  of the  two a d j a c e n t  p o s i t i o n s .  It i s  
a s s u m e d  tha t  the  f o r c e s  ac t ing  on the  ions  a r e  p r i n c i p a l l y  gas  d y n a m i c  
in n a t u r e .  Thus  one can  w r i t e  

1 

7-1 

(9) 

If it i s  a s s u m e d  tha t  the  l e v e l  of i o n i z a t i o n  is low,  

n >> n(N +) 

the  r e c o m b i n a t i o n  p r o c e s s  wi l l  not  a p p r e c i a b l y  af fec t  the  a t o m  n u m b e r  
d e n s i t y .  Thus ,  expand ing  Eq.  ( 9 ) a l g e b r a i c a l l y ,  

n 2 + n(N+)2 = f(M)n I + f(M)n(N+)l 

w h e r e  

ICM) = 

1 
_-l- 

The  t e r m s  invo lv ing  the  a t o m  d e n s i t i e s  (the f i r s t  t e r m s  on e a c h  
s i d e  of the  equat ion)  can  be  c a n c e l l e d  and one can w r i t e ,  a p p r o x i m a t e l y  
f o r  only  the  g a s - d y n a m i c  e f f ec t s  on the  ion d e n s i t y ,  

n(N+)2 

n(N+) l  

l 

(i0) 

It i s  f u r t h e r  a s s u m e d  tha t  the  ions  a r e  s i ng ly  ion ized .  It can t h e n  be 
shown  that ,  at the  cond i t ions  of th i s  work ,  the  Debye  l e n g t h  is  m u c h  
s h o r t e r  t h a n  the  n o z z l e  exi t  d i a m e t e r  so  that  t h e r e  is  no c h a r g e  s e p a r a -  
t ion  and the  p l a s m a  is e l e c t r i c a l l y  n e u t r a l  l o c a l l y .  Thus  the  g a s - d y n a m i c  

14 



AEDC-TR-76-34 

e f f ec t s  upon the  ions  a l so  d e s c r i b e s  the  g a s - d y n a m i c  e f f ec t s  upon the  
f r e e  e l e c t r o n s .  The  ion  and e l e c t r o n  n u m b e r  d e n s i t i e s  a r e  f u r t h e r  
d e p l e t e d  by the  e f f ec t s  of r e c o m b i n a t i o n .  Th i s  can be a c c o u n t e d  fo r  by 
inc lud ing  the  i n t e g r a t e d  e f f ec t s  of the  r e c o m b i n a t i o n ,  o r  

1 

_ 1 t 2  

If the  two poin ts  a r e  su f f i c i en t l y  c l o s e  t o g e t h e r ,  the  i n t e g r a l  m a y  be 
c l o s e l y  a p p r o x i m a t e d  by the  f in i t e  d i f f e r e n c e  f o r m  and one can  w r i t e  

! I+ .q "1 

w h e r e  the  s e c o n d  t e r m  is  the  con t r i bu t i on  of the  r e c o m b i n a t i o n  p r o c e s s .  
As was  d e s c r i b e d  in Sec t ion  2 .2 ,  a is an i m p l i c i t  func t ion  of e l e c t r o n  
n u m b e r  d e n s i t y  and e l e c t r o n  t e m p e r a t u r e ,  and Eq.  (12) can be s o l v e d  
i t e r a t i v e l y  fo r  n(c) 2 p r o v i d e d  cond i t ions  at p o s i t i o n  one and the  M 2 
a r e  known.  

With  n(c) 2 d e t e r m i n e d  and a s s u m i n g  tha t  cond i t ions  at p o s i t i o n  one 
a r e  cons t an t  as v iew f r o m  pos i t i on  two, the  t i m e  d e r i v a t i v e  of n(c) 2 is  

l j  r_L_ 
dn(c)2 11 ~ - "~  ~) Y-] I ] ~ 2) y-I  dM2 a n(c)2 

dt - n(c) l + M + ~ M2 dt 

(13) 

Thus  the  r a t e  of change  of n(c) a t t r i bu t ab l e  to the  g a s - d y n a m i c  e f fec t  is  
1 

~ m  

( I + - ~ - ~  M dM 2 dX 2 
l_d n ( c)~ _ n(c) 1 M 2 

--  d ,  

(14) 
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and, as before ,  the r a t e  of change a t t r ibu tab le  to r e c o m b i n a t i o n  is 

dt / C B R  

The M 2 in Eqs. (12) and (14) is required for the solution of n(c) 2 
and a comparison of the rates attributable to the gas-dynamic expansion 
p r o c e s s .  A. B. White (Ref. 19) has d e t e r m i n e d  that  the cen te r l i ne  
Mach number  d i s t r i bu t ion  for  the a r c j e t  is adequate ly  d e t e r m i n e d  by 
the  model  p roposed  by Ashkenas  and S h e r m a n  (Ref. 20). Th i s  model  is 
used for  d e t e r m i n i n g  M 2 and dM2/dX in th is  s tudy and is  e x p r e s s e d  by 

AI 2 Xz)Y- ' (x2 xo.) 3()'-]) (15) 

where  A, C, and Xo/D a re  e m p i r i c a l  cons tan ts  d e t e r m i n e d  by Ashkenas  
and S h e r m a n  by c o m p a r i s o n s  to the method of c h a r a c t e r i s t i c s  so lu t ions .  
The d i s t ance  f rom the exi t  plane of the nozzle  is denoted by X 2 and the 
exit  d i a m e t e r  by D. Fo r  a 7 of 1.67, Ashkenas  and She rman  d e t e r m i n e d  
A t o b e  3.26,  C t o b e  0 .31,  and Xo/D to be 0.0075.  

D i f f e r en t i a t i on  of Eq. (15) with r e s p e c t  to X 2 y ie lds  dM2/dX 2. The 
ve loc i ty  of the flow at X 2 can be wr i t t en  as 

dX 2 
V2 - dt - M2c (16) 

where  c is the speed of sound, 
equat ion of s ta te ,  

dX 2 

dt 

and for  an i s e n t r o p i c  p r o c e s s  us ing the 

= M2 (yRTg2) 1/2 
(17) 

where  R is the gas  constant ,  Tg 2 is the s t a t i c  gas  t e m p e r a t u r e  at pos i t ion  
2, and 

T O 

Tg 2 -- 
+ (16) 1 

where  T o is  the s t agna t ion  t e m p e r a t u r e .  
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2.4 METHOD OF SOLUTION 

The ana ly t i c  d e s c r i p t i b n  of the coupled g a s - d y n a m i c  and r e c o m b i n a -  
t ion p r o c e s s e s  developed in the p reced ing  s ec t i ons  was solved to provide  
an e s t i m a t e  of the c o m p a r i s o n  of the e l e c t ron  number  dens i ty  decay  r a t e s  
by the two p r o c e s s e s .  The solu t ion  p roceeds  as a s e r i e s  of in i t i a l  value  
p r o b l e m s ,  each solu t ion  provid ing  the in i t i a l  va lue  for  the next  solut ion.  
Since the A s h k e n a s - S h e r m a n  model  is val id  only for  X/D > 1.0 ,  th i s  
va lue ,  I .  0, was chosen  for  the s t a r t i n g  point and a t ime  of-1 x 10-9 s ec  
was a r b i t r a r i l y  a s s o c i a t e d  with th is  point. 

To effect  the solut ion,  an X 2 is  chosen  and f r o m  th is ,  M2, Tg 2, and 
dX2/dt ,  a r e  ca lcu la ted  [Eqs .  (15), (18), and (17)]. T h e s e  va lues  a re  used  
to d e t e r m i n e  the ave rage  e lapsed  t i m e  f r o m  pos i t ion  one to pos i t ion  two: 

X 2 - X 1 

rdX2 dXl I (19) 
1/2L- jT  + '-~-tJ 

If th i s  ave r age  e lapsed  t ime  is  g r e a t e r  than a p r e d e t e r m i n e d  f r ac t i on  of 
the to ta l  t ime  e lapsed  f r o m  the s t a r t  of the ca lcu la t ions ,  0 .1  in th is  
work,  X 2 is  r educed  and a new ave rage  is  computed.  When the ave r age  
t i m e  becomes  l e s s  than the a fo rement ioned  f r ac t ion ,  n(c) 2 is d e t e r m i n e d ,  
Eq. (12). 

In this  m a n n e r ,  fo r  economy of computat ion,  the t i m e  i n c r e m e n t  is 
kept  s m a l l  at the beginning of the ca lcu la t ions  when condi t ions a r e  chang-  
ing r ap id ly  but is  al lowed to i n c r e a s e  as condit ions change l e s s  r ap id ly .  
The r a t e s  of decay of e l e c t r o n  dens i ty  a t t r ibu tab le  to the g a s - d y n a m i c  
ef fec ts  and the r e c o m b i n a t i o n  a r e  then ca lcu la ted  [Eqs.  (14) and (16)] 
fo r  compar i son .  

2.5 RECOMBINATION RATE COEFFICIENTS 

The f ina l  p a r a m e t e r  n e c e s s a r y  to comple te  the  ca lcu la t ions  is the 
r e c o m b i n a t i o n  r a t e  coeff ic ient .  These  data  were  taken  f r o m  Wanles s  
(Ref. 15) for  a rgon  and Drawin  (Ref. 14) for  he l ium.  W a n l e s s '  r e s u l t s  
fo r  a rgon  were  ex t r apo la t ed  g r a p h i c a l l y  on a log - log  plot of the r e c o m b i -  
na t ion  r a t e  coeff ic ient  v e r s u s  e l e c t ron  t e m p e r a t u r e  at cons tant  e l e c t r o n  
n u m b e r  dens i ty  to provide  the r a t e  coef f ic ients  at e l e c t r o n  number  dens i -  
t i e s  g r e a t e r  than 1016 cm -3 and e l ec t ron  t e m p e r a t u r e s  g r e a t e r  than 
16,000°K.  The r e s u l t s  of these  g r a p h i c a l  ex t r apo la t i ons  a r e  g iven in 
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T a b l e  1. I t  w a s  no t  n e c e s s a r y  to  e x t e n d  t h e  h e l i u m  r e c o m b i n a t i o n  c o e f f i -  
c i e n t s  f r o m  D r a w i n  (Ref .  14). F o r  u s e  in  t h e  c o m p u t e r  c a l c u l a t i o n ,  t h e  
g r a p h i c a l  d a t a  w e r e  c o n v e r t e d  to  t a b l e s  and  a t h r e e - p o i n t ,  t w o - d i m e n s i o n a l  
L a g r a n g i a n  i n t e r p o l a t i o n  w a s  p e r f o r m e d  in  t h e  l o g - l o g  p l a n e  to  d e t e r m i n e  
t h e  r e c o m b i n a t i o n  c o e f f i c i e n t  a t  a s p e c i f i c  v a l u e  of e l e c t r o n  t e m p e r a t u r e  
and  d e n s i t y .  

Table 1. Extrapolated Values for 'Argon Recombination Coefficients 

Te, n ( c ) ,  a ,  

°K 1/cm 3 cm3/sec 

2,000 1 x 10 ~7 1.6 x 10 ~ 
1018 2,000 1 x 1.6 x 10 -5 
1017 4,000 1 x 5.4 x 10 -7 

1018 4,000 1 x 7.6 x 10 -6  

10 I7 10 -10 8,000 1 x 5.9 x 
1018 10 -10 8;000 I x 9.4 x 

1017 I0,000 1 x 8.9 x 10 -11 

1018 10 -10 10,000 I x 1.2 x 

1017 14,000 1 x 1.4 x 10 - l l  

14,000 1 x 1018 1.6 x 10 -11 

lO 17 16,000 1 x 7.8 x I0 -12 

1018 lO -12 16,000 1 x 8 .2  x 

20,000 1 x 1010 4.2 x lO -13 

20,000 1 x 10 I I  4 .5 x i0 -13 

lO 12 10 -13 20,000 l x 5.4 x 

20,000 1 x 1013 7.4 x 10 -13 

20,000 1 x 1014 1.4 x 10 -12 

20,000 1 x 1015 1.4 x 10 -12 

20,000 I x 1016 2.2 x 10 -12 

20,000 1 x 1017 3.8 x 10 -12 

20,000 I x 1018 3.5 x 10 -12 
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3.0 RESULTS 

3.1 CALCULATED RESULTS 

The  equa t ions  d e s c r i b i n g  the  coupled  g a s - d y n a m i c  and r e c o m b i n a t i o n  
m e c h a n i s m s  d e v e l o p e d  in the  p r e c e d i n g  s e c t i o n  w e r e  s o l v e d  fo r  the  
e l e c t r o n  n u m b e r  d e n s i t y  a long the  c e n t e r l i n e  of a f r e e l y  expand ing ,  
p a r t i a l l y  i o n i z e d  h e l i u m  and a r g o n  p l u m e .  The  p a r a m e t e r s  n e c e s s a r y  
fo r  the  c a l c u l a t i o n s  a r e  the  e l e c t r o n  t e m p e r a t u r e  p ro f i l e ,  the  i n i t i a l  
s t a g n a t i o n  gas  and e l e c t r o n  d e n s i t y  cond i t ions ,  and the  s t a r t i n g  p o s i t i o n  
in the  p lume .  The  e l e c t r o n  t e m p e r a t u r e  p r o f i l e s  u s e d  a r e  d e s c r i b e d  in 
the  s e c t i o n s  p r e s e n t i n g  r e s u l t s  of the  h e l i u m  and a r g o n  c a l c u l a t i o n s ,  
and the  o t h e r  in i t i a l  cond i t ions ,  c o m m o n  to both  g a s e s ,  a r e  p r e s e n t e d  
in the  next  s ec t i on .  

3.1.1 Initial Conditions 

The initial conditions required to obtain the solution to the coupled 
equa t i ons  a r e  the  to t a l  gas  t e m p e r a t u r e ,  the  e l e c t r o n  n u m b e r  d e n s i t y ,  
and the  s t a r t i n g  p o s i t i o n  in the  p l u m e ,  X/D o, As i n d i c a t e d  e a r l i e r ,  
the  A s h k e n a s - S h e r m a n  m o d e l  fo r  Mach  n u m b e r  is  va l id  only fo r  X /D  _> 
1 .0 ,  so  th i s  va lue ,  1 .0 ,  was  c h o s e n  fo r  X/D o. S ince  the  to t a l  gas  t e m -  
p e r a t u r e  e n t e r s  the  ca l cu l a t i ons  func t iona l ly  as a s q u a r e  r o o t  and t h e n  
only in the  c a l c u l a t i o n  of the  gas  ve loc i t y ,  t he  r e s u l t s  of the  c a l c u l a t i o n s  
wi l l  be r e l a t i v e l y  i n s e n s i t i v e  to the va lue  chosen .  Thus  the  s a m e  to t a l  
gas  t e m p e r a t u r e ,  3 , 0 0 0 ° K ,  was c h o s e n  fo r  e a c h  of the  c a l c u l a t i o n s .  
T h i s  va lue  is in the  r a n g e  of p r e v i o u s  o b s e r v a t i o n s  (Refs .  21 t h r o u g h  23) 
f o r  a rgon .  The  c a l c u l a t i o n s  w e r e  done  fo r  a r a n g e  of e l e c t r o n  n u m b e r  
d e n s i t i e s  and a r e  l i s t e d  in Tab le  2. i n c l u d e d  in  T a b l e  2 a r e  the  i n i t i a l  
v a l u e s  of e l e c t r o n  n u m b e r  d e n s i t y  at s t a g n a t i o n  cond i t i ons ,  M = 0, and 
at the  pos i t i on ,  X/D = 1. 

Table 2. Initial Values of Electron Number Density 

M = 0 X/D = 1 

1 x 1017 - 3  1016 -3  cm 1.45 x cm 

1017 -3  1016 -3 5 x cm 7 .24  x cm 

1018 -3  1 x cm 1.45 x 1017 cm-3 

1018 -3  - 3  5 x cm 7 .24  x 1017 cm 
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3.1.2 Helium 

The in i t i a l  va lues  for  the e l e c t ron  number  dens i ty  l i s t e d  in Table  2 
were  used to d e t e r m i n e  the solu t ion  to the coupled r e c o m b i n a t i o n  and 
g a s - d y n a m i c  equat ions  for  he l ium for  two ana ly t i c  mode l s  of the e l e c t r o n  
t e m p e r a t u r e  decay.  The f i r s t  model ,  

T e = 2540 t -0"I 
(20) 

is a lso  used  l a t e r  for  compara t i ve  ca lcu la t ions  for  a rgon  and was chosen  
to s imu la t e  a p p r o x i m a t e l y  the e l e c t ron  t e m p e r a t u r e  c h a r a c t e r i s t i c s  
obse rved  in a r c j e t  expans ions .  The second model ,  

T e = ]1 t -0"392 

(21) 

is s i m i l a r  in ana ly t i c  f o r m  but d e s c r i b e s  a much  f a s t e r  e l e c t ron  t e m p e r a -  
t u r e  decay.  Equat ion  (21) was p rompted  by obse rv ing  that  the r e c o m b i -  
nat ion r a t e  coeff ic ient  is  a d e c r e a s i n g  funct ion of e l e c t ron  t e m p e r a t u r e .  
Thus ,  on a c o m p a r a t i v e  b a s i s ,  the r e c o m b i n a t i o n  effects  would be much  
l a r g e r  with an e l ec t ron  t e m p e r a t u r e  c h a r a c t e r i s t i c  mode led  by Eq. (21) 
than  when modeled  by Eq. (20). 

Typ ica l  r e s u l t s  obtained for  the he l ium expans ions  a r e  shown in 
F ig s .  1, 2, and 3 fo r  the e l e c t ron  t e m p e r a t u r e  model  of Eq. (20). The 
lef t  o rd ina te  of each  of t he se  f i gu re s  is  the t ime  r a t e  of change of the 
f r e e  e l e c t ron  dens i ty  a t t r ibu tab le  to the g a s - d y n a m i c  and r e c o m b i n a t i o n  
ef fec ts .  The a b c i s s a  is  e lapsed  t ime .  The sca l e  along the top of the 
f i g u r e s  shows the co r r e spond ing  X/D at the t i m e s  l i s t ed  on the abc i s s a .  
Included on each f igure ,  u t i l i z ing  the r igh t  o rd ina te ,  is  a plot of ~ fo r  
the condit ions of that  ca lcula t ion .  

F i g u r e  1 shows the r e s u l t s  for  an in i t i a l  e l e c t r o n  number  dens i t y  of 
1 x 1017 cm-3 ,  Fig.  2 the r e s u l t s  for  an in i t i a l  e l e c t r o n  number  dens i ty  
of 5 x 10 17 c m - 3  and Fig .  3 the r e s u l t s  fo r  an in i t i a l  e l e c t ron  number  
dens i ty  of 1 x 1018 cm -3. As can be seen,  f r o m  the se  f i g u r e s ,  r e c o m -  
b ina t ion  m e c h a n i s m s  domina te  the decay only for  the h ighes t  e l e c t ron  
n u m b e r  dens i ty  p r e s e n t e d  and then only e a r l y  in the flow deve lopment .  
F r o m  the t heo ry  in Sect ion 2.0  it was seen  that  the r e c o m b i n a t i o n  r a t e  
is qua d ra t i c a l l y  dependent  upon the e l ec t ron  number  dens i ty  Eq. (6), 
w h e r e a s  the g a s - d y n a m i c  r a t e  is  l i n e a r l y  dependent  upon the number  
dens i ty ,  Eq. (14). Hence,  as indica ted  in t he se  f i gu re s ,  one would 
expect  the r ap id  r i s e  in i m p o r t a n c e  of r e c o m b i n a t i o n  p r o c e s s  with i n c r e a s -  
ing e l e c t r o n  n u m b e r  dens i ty .  When r e c o m b i n a t i o n  boeomes  dominant ,  
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this  quadra t ic  dependence causes  the f r e e - e l e c t r o n  n u m b e r  dens i ty  to 
decay ve ry  rap id ly  unt i l  the g a s - d y n a m i c  p roce s s  once again  domina tes  
the t ime  ra te  of change of the e lec t ron  n u m b e r  densi ty .  
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Figure 1. Time development of electron number density decay rates 
for helium expansion, n(C)o = 1 x 10 ~ 7 cm.3. 

21 



A E DC-T R-76-34 

1.00 1.08 
I 

XID 
1.8 9.6 

1o23 

I n'c'I dt I G+CRR 

I dn(c) 

- ~ - G  

td 2 

E 
U 

" 0  

N 
C 

~= 1021 

I dn(c) 

- ~ -  CRR 

T e - 2, 540 t -0" 1 

10-10 

0 

1019 ' 10-12 
10 -8 10 -7 10 -6 10 -5 

t, sec 

Figure 2. Time development of electron number density decay rates 
for helium expansion, n(c)o = 5 x 1017 cm-3. 
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The i n c r e a s i n g  r a t e  of d e c a y  a t t r i b u t a b l e  to r e c o m b i n a t i o n  du r ing  
the  e a r l y  s t a g e s  of the  e x p a n s i o n  (t < 10-7 sec)  is  due to the  i n c r e a s i n g  
r e c o m b i n a t i o n  r a t e  coe f f i c i en t  wi th  d e c r e a s i n g  e l e c t r o n  t e m p e r a t u r e .  
Dur ing  th is  e a r l y  t i m e  the  i n t e g r a t e d  e f fec t  of the  r a t e s  upon the  e l e c t r o n  
d e n s i t y  is i n s i g n i f i c a n t  and i t  r e m a i n s  e s s e n t i a l l y  cons tan t .  

A more succinct and informative way of comparing the rate of 
electron density decay attributable to the recombination and gas-dynamic 
effects is by plotting the ratio of the recombination rate to the gas-dynamic 
rate versus X/D. In this manner, an ordinate greater than I. 0 signifies 
a dominance of the recombination mechanisms. These results for the 
electron temperature model of Eq. (20) are shown in Fig. 4. Thus, for 
the conditions of these calculations, the recombination mechanism is 
dominant in the decay only for the highest initial electron number den- 
sities (n(c) o _> 5 x 1017 cm -3) very close to the nozzle exit (X/D _< 1.4). 
A plot of Eq. (20) is also included on Fig. 4 with the temperature scale 
given as the right ordinate. 

If o n e - p e r c e n t  i o n i z a t i o n  is a s s u m e d ,  t h e s e  cond i t ions  s u g g e s t  tha t  
the  to ta l  a t o m  n u m b e r  d e n s i t y  f o r  such  a h e l i u m  e x p a n s i o n  would be 
n o _> 5 x 1019, or ,  at 3 , 0 0 0 ° K ,  the to ta l  p r e s s u r e  would be g r e a t e r  than  
150 t o r r .  Th i s  is  n e a r  the  u p p e r  r a n g e  o p e r a t i n g  cond i t ions  fo r  the  
a r c j e t  u s e d  fo r  l a b o r a t o r y  s t u d i e s  in th is  work .  F i g u r e  5 p r e s e n t s  the  
r e s u l t s  ob ta ined  at the  s a m e  in i t i a l  cond i t ions  but wi th  the  e l e c t r o n  
t e m p e r a t u r e  m o d e l  of Eq.  (21). B e c a u s e  the  e l e c t r o n  t e m p e r a t u r e  fo r  
t h e s e  c a l c u l a t i o n s  fa l l s  m u c h  m o r e  r a p i d l y  wi th  t i m e  [Eq.  (21) as 
c o m p a r e d  to Eq. (20)] one expec t s  the  r e c o m b i n a t i o n  p r o c e s s e s  to have  
a m u c h  m o r e  d o m i n a n t  r o l e .  Th i s  is i n d e e d  the  c a s e  as is shown in 
F ig .  5. The  r e c o m b i n a t i o n  d o m i n a t e s  the  e n t i r e  decay  fo r  e a c h  of the  
in i t i a l  e l e c t r o n  n u m b e r  d e n s i t i e s  in the  v e r y  e a r l y  s t a g e s  of the  decay .  
H o w e v e r ,  the  r e c o m b i n a t i o n  r a t e  i n v a r i a b l y  b e c o m e s  d o m i n a t e d  by the  
g a s - d y n a m i c  r a t e  a s h o r t  d i s t a n c e  d o w n s t r e a m  of the  n o z z l e  exi t  (X/D < 2). 

An i n t e r e s t i n g  f e a t u r e  of t h e s e  c a l c u l a t i o n s  is  tha t  the  r a t i o  of the  
r e c o m b i n a t i o n  r a t e  to g a s - d y n a m i c  r a t e  a p p r o a c h e s  the s a m e  va lue  as 
a func t ion  of X/D fo r  a wide  r a n g e  of in i t i a l  n u m b e r  d e n s i t i e s .  T h i s  is  
e x p l a i n e d  by the  i n c r e a s e  in r e c o m b i n a t i o n  r a t e  wi th  e l e c t r o n  n u m b e r  
d e n s i t y  at the  s a m e  e l e c t r o n  t e m p e r a t u r e  when  r e c o m b i n a t i o n  d o m i n a t e s  
the  g a s - d y n a m i c  p r o c e s s e s .  Thus  the  e l e c t r o n  n u m b e r  d e n s i t i e s  t end  to 
the  s a m e  X/D d i s t r i b u t i o n .  If th i s  c o m m o n  d i s t r i b u t i o n  is r e a c h e d  
b e f o r e  the  g a s - d y n a m i c  p r o c e s s e s  d o m i n a t e  the  f low, the  s u b s e q u e n t  
e x p a n s i o n  p r o c e e d s  at the  s a m e  X/D d i s t r i b u t i o n  of d e n s i t i e s ,  and the  
r a t i o  of the  r e c o m b i n a t i o n  r a t e  to g a s - d y n a m i c  r a t e  is  the  s a m e  f o r  a l l  
i n i t i a l  e l e c t r o n  n u m b e r  d e n s i t i e s .  
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If the  g a s - d y n a m i c  p r o c e s s e s  c o m m e n c e  to  d o m i n a t e  b e f o r e  the  
c o m m o n  X/D d i s t r i b u t i o n  is r e a c h e d ,  the  s u b s e q u e n t  e x p a n s i o n  p r o c e e d s  
at d i f f e r e n t  e l e c t r o n  n u m b e r  d e n s i t i e s  and thus  a d i f f e r e n t  r a t i o  of 
r e c o m b i n a t i o n  to g a s - d y n a m i c  r a t e .  That  th i s  is the  c a s e  m a y  be s e e n  
by c o m p a r i n g  F igs .  4 and 5. In Fig .  4, the  g a s - d y n a m i c  r a t e  d o m i n a t e d  
the  e x p a n s i o n  v e r y  e a r l y  in the  decay .  Fo r  X/D < 1.4 it is s e e n  that  the  
p lo t s  fo r  the  two h i g h e s t  e l e c t r o n  n u m b e r  d e n s i t i e s  w e r e  c o n v e r g e n t .  
F o r  X/D > 1 .4 ,  h o w e v e r ,  the  spac ing  b e t w e e n  the  p lo t ted  l i n e s  t ends  to 
be c o n s t a n t .  In Fig .  5 it is  s e e n  that  the r a t i o  of r e c o m b i n a t i o n  r a t e  
to g a s - d y n a m i c  r a t e  c o n v e r g e d  to the  s a m e  va lue  at X /D ~ 1 .4  fo r  al l  
but the  l o w e s t  e l e c t r o n  dens i ty .  Ca l cu l a t i ons  fo r  X / D >  1.4 y i e l d  the  
s a m e  X/D d i s t r i b u t i o n  of e l e c t r o n  n u m b e r  dens i t y .  

3 .1 .3  Argon 

The  in i t i a l  v a l u e s  for  the  e l e c t r o n  n u m b e r  d e n s i t y  l i s t e d  in Tab le  
2 w e r e  u s e d  to d e t e r m i n e  the  so lu t i on  of the coupled  r e c o m b i n a t i o n  and 
g a s - d y n a m i c  equa t ions  fo r  a r g o n  fo r  two m o d e l s  of the  e l e c t r o n  t e m p e r a -  
t u r e  decay .  The  f i r s t  of t h e s e  is  the  s a m e  as was  u s e d  fo r  the h e l i u m  
c a l c u l a t i o n s  

1~. = 25.~0 t -°-  ~ ( 2 0 )  

and is  u se fu l  fo r  c o m p a r i s o n s  of the  two g a s e s .  The  s e c o n d  m o d e l  was  
t a k e n  f r o m  M c G r e g o r  and B r e w e r  (Ref. 24) who p r e s e n t e d  e x p e r i m e n t a l  
da ta  f r o m  an a r g o n  a r c j e t .  A g r a p h i c a l  r e p r e s e n t a t i o n  of the da ta  f r o m  
Ref.  24 is p r e s e n t e d  in  Fig .  6. 

The  r e s u l t s  of s o m e  of the  ca l cu l a t i ons  us ing  Eq. (20) a r e  shown 
in F igs .  7, 8, and 9, p lo t t ed  in the  s a m e  m a n n e r  as F igs .  1, 2, and 3. 
A plot  of ~ v e r s u s  t i m e  is i nc luded  in e a c h  f i gu re .  

F i g u r e  7 shows  the  r e s u l t s  ob ta ined  fo r  an in i t i a l  e l e c t r o n  n u m b e r  
d e n s i t y  of 1 x 1017 cm -3,  Fig.  8 the  r e s u l t s  fo r  an in i t i a l  e l e c t r o n  
n u m b e r  d e n s i t y  of 5 x 1017 c m  -3,  and Fig .  9 shows  the  r e s u l t s  for  an 
in i t i a l  n u m b e r  e l e c t r o n  d e n s i t y  of 1 x 10 18 c m - 3  C o m p a r i s o n  of t h e s e  
r e s u l t s  wi th  t h o s e  of F i g s .  1, 2, and 3 shows  that  the  only e s s e n t i a l  
d i f f e r e n c e  is the  X/D as a func t ion  of t i m e .  Th i s  is to b e , e x p e c t e d  
s i n c e  the  a t o m i c  we igh t  of a r g o n  is 40 c o m p a r e d  to 4 fo r  h e l i u m  and 
c a u s e s  the  h e l i u m  v e l o c i t y  to be a p p r o x i m a t e l y  t h r e e  t i m e s  tha t  of 
a rgon;  h e n c e ,  the  h e l i u m  t r a v e l s  about t h r e e  t i m e s  as f a r  as a r g o n  in 
the  s a m e  t i m e .  The  l o w e r  a r g o n  v e l o c i t y  c a u s e s  the  g a s - d y n a m i c  
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contribution to the time rate of change of the free-electron number 
density to be smaller than for helium. There are some differences in 
the rate attributable to recombination, also. Initially the differences 
are due to differences in the recombination rate coefficient for argon 
and helium and, as the flow develops, differences in the electron num- 
ber density also contributes to the differences in the recombination 
rate. As with helium, once the gas-dynamic effects become the domi- 
nant mechanism, they remain so throughout the rest of the decay. 
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Figure 6. Centerline electron temperature profile, argon expansion 
(from Ref. 24). 
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The results of these calculations as well as the other initial condi- 
tions are summarized in Fig. i0. The ordinate is the ratio of the 
recombination rate of change of the electron number density to the , 
gas-dynamic rate of change, and the abcissa is the axial distance from 
the nozzle exit, X/D. Comparisons of these results to those shown in 
Fig. 4 support the previous observations, with the adjustments appro- 
priate to the different atomic weight. As with helium, the gas-dynamic 
processes dominate the expansion after the expansion reaches X/D -~ I. 6. 

The  r e s u l t s  ob ta ined  f r o m  ca l cu l a t i ons  b a s e d  upon the  e l e c t r o n  t e m -  
p e r a t u r e  m o d e l  r e p o r t e d  in the  l i t e r a t u r e  (Eel .  24) and shown in Fig .  6, 
a r e  shown  in Fig.  11. F o r  th is  p ro f i l e  a l so ,  as wi th  the  ana ly t i c  m o d e l ,  
Eq.  (20), the  g a s - d y n a m i c  m e c h a n i s m s  d o m i n a t e  the  decay  fo r  X /D > I. 6. 

The  c a l c u l a t i o n s  fo r  h e l i u m  and a r g o n  s u g g e s t  s t r o n g l y  that ,  b e c a u s e  
of the  c o n t r i b u t i o n  of the  g a s - d y n a m i c  p r o c e s s e s ,  d i r e c t  o b s e r v a t i o n  of 
the  f r e e - e l e c t r o n  d e n s i t y  is not  su f f i c i en t  fo r  r e c o m b i n a t i o n  r a t e  coe f f i -  
c ien t  d e t e r m i n a t i o n s  in the  expanding  a r c j e t  p l u m e .  F o r  the  cond i t ions  
u s e d  in th is  s tudy,  which  a r e  t yp i ca l  of t h o s e  e n c o u n t e r e d  in the  
l a b o r a t o r y ,  o b s e r v a t i o n  of the  r e s u l t s  shows  tha t  w h e n e v e r  the  r e c o m b i -  
na t ion  m e c h a n i s m s  do d o m i n a t e  the  decay ,  t h e i r  n a t u r e  is such  that  the  
e l e c t r o n  d e n s i t y  d e c a y s  r a p i d l y  unt i l  the  g a s - d y n a m i c  p r o c e s s e s  
b e c o m e  dominan t .  

3.2 EXPERIMENTAL DATA 

The a r c j e t  has  b e e n  u s e d  in con t inu ing  r e s e a r c h  work  at AEDC to 
i n v e s t i g a t e  v a r i o u s  e x c i t a t i o n  m e c h a n i s m s .  In the  c o u r s e  of th i s  work ,  
h e r e t o f o r e  unpub l i shed  da ta  have  b e e n  t a k e n  which  can  be u s e d  fo r  
c o m p a r i s o n s  wi th  the  r e s u l t s  of the  p r e v i o u s  s e c t i o n s .  In th i s  s e c t i o n  
the  p r o c e d u r e s  fo r  ob ta in ing  the  e x p e r i m e n t a l  da ta  and the  a n a l y s i s  wi l l  
be d i s c u s s e d .  

3.2.1 Apparatus and Procedure 

The  p l a s m a  je t  u s e d  is of the  G e r d i e n  type and one m o d e l  has b e e n  
d e s c r i b e d  in de t a i l  in Refs .  25 and 26. In the  p r e s e n t  s tudy the  p l a s m a  
je t  and o t h e r  appa ra tu s  a r e  m o s t  s i m i l a r  to that  d e s c r i b e d  in Ref.  26. 
B r i e f l y ,  the  a r c j e t  c o n s i s t s  of a hol low body into which  the  w o r k i n g  gas  
is i n t r o d u c e d .  The  p l a s m a  is p r o d u c e d  in the  a r c  r e g i o n  b e t w e e n  a 
coaxia l ,  w a t e r - c o o l e d ,  t u n g s t e n  ca thode  and a w a t e r - c o o l e d ,  c o n s t a n t -  
a r e a ,  coppe r  n o z z l e  anode.  The  p l a s m a  exhaus t s  t h rough  th i s  n o z z l e  
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into the test cell. The pressure in the test cell is maintained by two 
large mechanical vacuum pumps. A quartz window is mounted in the 
test cell for spectroscopic observations. In this study the arcjet 
nozzle had a diameter of 0. 635 cm. A schematic representation of the 
test apparatus (not to scale), is shown in Fig. 12. 

T h e  c h a m b e r  and l i n e s  w e r e  e v a c u a t e d  b e f o r e  a r c j e t  o p e r a t i o n  in 
o r d e r  to e n s u r e  m i n i m u m  c o n t a m i n a t i o n .  The  a r g o n  gas  supp ly  was  of 
9 9 . 9 - p e r c e n t  p u r i t y  (with oxygen  1 ppm,  n i t r o g e n  1 ppm,  h y d r o g e n  
1 ppm,  and m o i s t u r e  1 ppm) was  s u p p l i e d  to the  gas  l i n e s  t h r o u g h  a 
r e g u l a t o r  a d j u s t e d  to m a i n t a i n  a l i ne  p r e s s u r e  of 5 ,750  t o r r .  The  
p o w e r  supp ly  to the  a r c j e t  was  a m o t o r  g e n e r a t o r  p r o v i d i n g  an open  l i n e  
v o l t a g e  of 85 v. The  a r g o n  gas  was  i n t r o d u c e d  into the a r c j e t  c h a m b e r  
and the  p l a s m a  je t  was  s t a r t e d  wi th  an R F  d i s c h a r g e  of s h o r t  d u r a t i o n  
w h i c h  is u s e d  to b r e a k  down the  gas  and then  is  shu t  off a f t e r  the  a r c  is 
s t a r t e d .  S tab le  o p e r a t i n g  cond i t i ons  w e r e  as  fo l l ows :  

Chamber pressure 
Gas flow 
Operating amperage 
Operating voltage 
Cell pressure 

142.2 t o r r  
3 .0  g m / s e c  
200 a m p  
2 5 v  
O. 4 t o r r  

A l-m Jerrell-Ash spectrometer was placed so that the entrance 
slit (slit width of 18 p ) was aligned with the centerline of the nozzle 
in order to measure the intensities of spectral lines throughout the 
radial extent of the plasma, the spectrometer field of view was scanned 
across the plasma. This was accomplished by an optical system con- 
sisting of a converging lens with a focal length of 12 in. and a plane 
mirror. The mirror was rotated at an angular velocity of 72 deg/min 
to provide the scan of the field of view. The lens focused the light 
from the plasma onto the slit of the spectrometer. The detector was an 
RCA IP28 photomultiplier tube which was connected to a Philbrick 
(model P2) amplifier. The gain on the amplifier was set at i00. The 
data were recorded on an x-y recorder. 

After each scan the arcjet was lowered 0. 635 cm and another scan 
was made. This procedure was continued until measurements of the 
intensity (radiated power per unit area per unit solid angle) of the 
selected spectral lines had been made at 0. 635-cm intervals along the 
p l u m e  axis  o v e r  aorange  of t r a v e l  3 <_ X / D  < 6. The  4158-,~ s p e c t r a l  
l i ne  and the 6032-A s p e c t r a l  l i ne  w e r e  s e l e c t e d  f o r  the  r a d i a l  s c a n s  
b e c a u s e  r e l i a b l e  t r a n s i t i o n  p r o b a b i l i t i e s  a r e  a v a i l a b l e  (Ref.  27) fo r  
t h e s e  l i n e s .  
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A c a l i b r a t e d  t u n g s t e n  f i l a m e n t  l a m p  was u s e d  fo r  c a l i b r a t i o n  of 

the  s p e c t r o m e t e r  and op t ica l  s y s t e m  as shown in Fig .  12. Tab l e  3 l i s t s  
the  c a l i b r a t i o n  s c a l e  f a c t o r s  fo r  the  two w a v e l e n g t h s  (4158 ~ and 6032 J~) 
that  w e r e  u s e d  in  th i s  s tudy.  With t h e s e  c a l i b r a t i o n  v a l u e s  (which t ake  
in to  account  the  d i f f e r e n c e  in us ing  the  t u n g s t e n  s o u r c e  as c o m p a r e d  to  
the  p l a s m a  s o u r c e )  the  n u m b e r s  r e a d  f r o m  the t r a c e s  on the  x -y  
r e c o r d e r  can be g i v e n  p h y s i c a l l y  m e a n i n g f u l  un i t s .  Thus  the  r aw da ta  
a r e  r e l a t e d  to a t r u e  i n t e n s i t y  of w / s t e r - c m  2. 
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Figure 12. Research cell, plasma jet, and optics installation. 
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Table 3. Intensity Calibration Factors Intensity, 
w/ster-cm2/div 

0 

4158 A 

7.12 x 10 -6  

7.12 x 10 -6  

2.85 x 10 -6  

O 

6032 A 

3.63 x 10 -6 

3.73 x 10 -6 

1.87 x 10 -6 
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3.2.2 Data Analysis 

F i g u r e s  13 t h r o u g h  18 a r e  t r a c e s  f r o m  the x -y  r e c o r d e r  of the  
r a d i a t i o n  i n t e n s i t i e s  fo r  both the  4158-A l ine  and the  6 0 3 2 - ~  l ine  tha t  
w e r e  u sed  in th is  s tudy fo r  X/D = 3, 4, and 5. The  p l u m e  was 
s c a n n e d  at l e a s t  twice  for  e a c h  s p e c t r a l  l i ne  at each  axial  pos i t i on  to 
v e r i f y  a r c j e t  s t ab i l i t y  and s y m m e t r y .  The  c e n t e r  of e a c h  peak  
c o r r e s p o n d s  to the  l o c a t i o n  of the  c e n t e r l i n e  of the  p lume ,  and the  
s c a n s  w e r e  e x a m i n e d  fo r  r e p e a t i a b i l i t y  and s y m m e t r y .  In e a c h  c a s e  
s y m m e t r y  was s a t i s f a c t o r y  and the  peak he igh t  was  r e p e a t a b l e  wi th in  
5 p e r c e n t .  The  v a r i a t i o n s  in the two s c a n s  w e r e  thus  j udged  to be 
i n s ign i f i can t ,  and r a d i a t i o n  i n t ens i t y  da ta  as a func t ion  of d i s t a n c e  
f r o m  the  c e n t e r l i n e  w e r e  ob ta ined  f r o m  one s ide  of one s c a n  only.  
T h e s e  da ta  w e r e  t h e n  c o n v e r t e d  to i n t e n s i t y  uni t s  by the  a p p r o p r i a t e  
c a l i b r a t i o n  f a c t o r  g iven  in Tab le  3. 

The  s p e c t r a l  l i ne  i n t ens i t y  m e a s u r e m e n t s  w e r e  u s e d  to obta in  the  
l oca l  e m i s s i o n  coe f f i c i en t s  ( r ad i a t ed  power  p e r  unit  so l id  angle)  by 
u se  of a c o m p u t e r  code d e s i g n e d  to e f fec t  the  Abel  i n v e r s i o n  i n t e g r a l .  
The  a p p r o a c h  u t i l i z e d  in the  code was ,  v ia  a l e a s t - s q u a r e s  sp l i ne  fit ,  
to m o d e l  the  o r i g i n a l  i n t e n s i t y  p r o f i l e s  with a s e r i e s  of p o l y n o m i a l s  
of e v e n  p o w e r s  of d i s t a n c e .  The  e v e n  func t ion  is c h o s e n  to e n s u r e  
c y l i n d r i c a l  s y m m e t r y ,  a r e q u i r e m e n t  of the Abel  i n v e r s i o n  fo r  th i s  
app l ica t ion .  With the  i n t ens i t y  m o d e l e d  by the  a p p r o p r i a t e  s e r i e s  of 
p o l y n o m i a l s ,  the i n v e r s i o n  is ana ly t i c  and i m m e d i a t e .  F i g u r e  19 
p r e s e n t s  r e p r e s e n t a t i v e  r e s u l t s  of t h e s e  i n v e r s i o n s  with the  e m i s s i o n  
coe f f i c i en t  n o r m a l i z e d  by the  c e n t e r l i n e  va lue  for  da ta  at one of the  
po in t s  of m e a s u r e m e n t  in th is  s tudy.  

Once  the  e m i s s i o n  coe f f i c i en t s  a r e  ca l cu l a t ed  the  e l e c t r o n  t e m p e r a -  
t u r e  is d e t e r m i n e d  with the  a s s u m p t i o n  of l o c a l  t h e r m o d y n a m i c  
e q u i l i b r i u m  (Ref. 28). The  e m i s s i o n  coe f f i c i en t  is d iv ided  by the  
s t a t i s t i c a l  we igh t  of the  e m i t t i n g  s t a t e ,  the  t r a n s i t i o n  p r o b a b i l i t y  fo r  
the  t r a n s i t i o n ,  and the  f r e q u e n c y  of the  e m i t t e d  r a d i a t i o n .  The  
l o g a r i t h m  of th i s  va lue  is t h e n  p lo t ted  aga ins t  the e n e r g y  of the  r a d i a t -  
ing s t a t e .  T h e s e  p lots  g ive  n e a r l y  s t r a i g h t  l i n e s  of s lope  - 0 . 4 3 4 3 / k T  e, 
y i e l d i n g  i m m e d i a t e l y  the  e l e c t r o n  t e m p e r a t u r e .  In F ig .  20 is a plot  
of the  e l e c t r o n  t e m p e r a t u r e  as d e t e r m i n e d  f r o m  the e m i s s i o n  
c o e f f i c i e n t s  a long the  c e n t e r l i n e .  The  b a r s  i nd i ca t e  the  o b s e r v e d  
v a r i a t i o n  in the  ca l cu l a t ed  e l e c t r o n  t e m p e r a t u r e  f r o m  v a r i a t i o n s  in the  
f i t t ed  i n t e n s i t y  da ta  wi th in  the  p r e v i o u s l y  m e n t i o n e d  5 - p e r c e n t  v a r i a t i o n .  
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Figure 13. 

Spatial Displacement across the Plume 

Radial plasma jet radiation intensity scans, X /D = 3, 
k = 4158 A. 
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Figure 14. 

Spatial Displacement across the Plume 

Radial plasma jet radiation intensity scans, X /D = 4, 
~ = 4158 A. 
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Figure 15. 

Spatial Displacement across the Plume 

Radial plasma jet radiation intensity scans, X/D = 5, 
~, = 4158 A. 
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Spatial Displacement across the Plume 

Figure 16. Radial plasma jet radiation intensity scans, X/D = 3, 
= 6032 A. 
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Spatial 91splacement across the Plume 

Figure 17. Radial plasma jet radiation intensity scans, X/D = 4, 
= 6 0 3 2  A.  
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Figure 18. 

Spatial Displacement across the Plume 

Radial plasma jet radiation intensity scans, X/D = 5, 
~, = 6032 •. 
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Plume centerline electron temperature as a function 
of X/D intensities 3 _~ X/O ( 6. 
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Since  the  gas  i s  a s s u m e d  to be s i n g l y  ion ized ,  the  ion n u m b e r  
d e n s i t y  and e l e c t r o n  n u m b e r  d e n s i t y  a r e  equal .  Us ing  the  above d e t e r -  
m i n e d  Te  the  n(c) can  be d e t e r m i n e d  f r o m  the p r i n c i p l e  of m a s s  ac t ion  
(Saha ' s  equat ion)  by d e t e r m i n i n g  the  n(c) in e q u i l i b r i u m  wi th  an  e x c i t e d  
s t a t e  at the  m e a s u r e d  e l e c t r o n  t e m p e r a t u r e  (Ref. 28). T h e s e  r e s u l t s  
a r e  p lo t t ed  in F ig .  21 fo r  the  e l e c t r o n  n u m b e r  d e n s i t y  a long  the  
c e n t e r l i n e  v e r s u s  X/D.  The  b a r s  in F ig .  21 have  the  s a m e  m e a n i n g  as  
in  F ig .  20. The  t h r e e  da ta  po in t s  i nd i ca t ed  in F ig .  21 can be c o n n e c t e d  
wi th  a s t r a i g h t  l i n e  on the  l o g - l o g  plot .  If g a s - d y n a m i c  e f f ec t s  a r e  the  
d o m i n a n t  f e a t u r e  of the  e l e c t r o n  d e n s i t y  decay ,  p o t e n t i a l  f low t h e o r y  
d e m a n d s  tha t  the  n(c) d e c a y s  a c c o r d i n g  to an i n v e r s e  s q u a r e  law,  i . e . ,  
on a l o g - l o g  plot  s u c h  as  F ig .  21, a s t r a i g h t  l i n e  of s lope  -2 wi l l  
r e s u l t .  If t h e r e  a r e  o the r  c o m p l e t i n g  p h e n o m e n a  fo r  the  e l e c t r o n  d e n -  
s i t y  decay ,  s u c h  as  the r e c o m b i n a t i o n  p r o c e s s ,  t h e s e  wi l l  be in  add i -  
t i on  to the  g a s - d y n a m i c  e f f ec t s ,  and the l o g - l o g  plot  wi l l  n e c e s s a r i l y  
have  a s lope  s t e e p e r  t han  -2.  The  s t r a i g h t  l i ne  s l o p e s  ob ta ined  f r o m  
F ig .  21 have  a m e d i a n  va lue  of - 1 . 8  wi th  l o w e r  and uppe r  bounds  of 
- 1 . 4 5  and - 2 . 1 5 ,  r e s p e c t i v e l y .  Thus ,  one is  l ed  to the  c o n c l u s i o n  
tha t  the  g a s - d y n a m i c  e f fec t  i s  the  p r i n c i p a l  c o n t r i b u t o r  to the e l e c t r o n  
n u m b e r  d e n s i t y  d e c a y .  

An a l t e r n a t e  way to e x a m i n e  the  r e l a t i v e  e f fec t  of r e c o m b i n a t i o n  
and g a s - d y n a m i c  e x p a n s i o n  on the  l oca l  e l e c t r o n  n u m b e r  d e n s i t y  i s  as  
fo l lows .  If the  p h y s i c a l  e f f ec t s  of the r e c o m b i n a t i o n  p r o c e s s  a r e  to  be 
o b s e r v e d  in  the  e x p e r i m e n t a l  da ta ,  t h e r e  should  be a n o t i c e a b l e  change  
in  the  r a t i o  of the  e l e c t r o n  n u m b e r  d e n s i t y  to a t o m - n u m b e r  d e n s i t y  as  
the  d i s t a n c e  f r o m  the  nozz l e  ex i t  i n c r e a s e s .  The  r a t i o  L g i v e n  by 

L = n ( c ) / n  

is  g i v e n  in  T a b l e  4 fo r  e a c h  of the  t h r e e  X / D  p o s i t i o n s ,  3, 4, and 5. 
F o r  t h e s e  d e t e r m i n a t i o n s  the  to t a l  n u m b e r  d e n s i t y  was  ob ta ined  f r o m  
p o t e n t i a l  f low t h e o r y  us ing  s t a g n a t i o n  cond i t ions  d e t e r m i n e d  by 
app ly ing  R a y l e i g h  hea t i ng  r e l a t i o n s h i p s  to the  a r c j e t  cons t an t  a r e a  anode 
(Ref. 23). T a b l e  4 shows  tha t ,  fo r  e a c h  of the  t h r e e  p o s i t i o n s ,  L is  
r e l a t i v e l y  cons t an t  wi th  a v a r i a t i o n  of only  a p p r o x i m a t e l y  8 p e r c e n t .  
The  a l m o s t  cons t an t  va lue  of L i m p l i e s  tha t  the  d e g r e e  to which  
r e c o m b i n a t i o n  is  a f f ec t ing  the e l e c t r o n  d e n s i t y  m u s t  be v e r y  s m a l l  
c o m p a r e d  to the  gas  e x p a n s i o n .  
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Plume centerline electron density profile as a function 
of X/D intensities 3 ~ X/D < 6. 
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Table 4. Degree of Ionization at Appropriate XID 

n, n(c), 
-3 -3 

X/I) cm cm 

3 2.42 x 1016 2.39 x 1014 9.88 x 10 -3 

1016 1014 4 1.59 x 1.45 x 9.12 x 10 -3 

1016 1013 5 1.02 x 9.47 x 9.29 x 10 -3 

3.2.3 Comparisons with Theory 

The  r e s u l t s  p r e s e n t e d  above have  b e e n  c o n s i s t e n t  wi th  the  t h e o r e -  
t i c a l  p r e d i c t i o n s  and a n a l y s i s  p r e s e n t e d  in Sec t ion  3 .1 .  H o w e v e r ,  the  
e x p e r i m e n t a l  da ta  p r e s e n t e d  h e r e  w e r e  at a h i g h e r  in i t i a l  to ta l  gas  
t e m p e r a t u r e  (4, 890°K), w h e r e a s  the  e l e c t r o n  n u m b e r  d e n s i t y  (3 .45  x 
1017 cm -3) was  wi th in  the r a n g e  of the  cond i t ions  l i s t e d  in Sec t ion  3 .1 .  
The  h i g h e r  gas  t e m p e r a t u r e  wi l l  af fect  p r i n c i p a l l y  the  Mach  n u m b e r  
of the  e x p a n s i o n  and should  not affect  the g e n e r a l  c o n c l u s i o n  of 
Sec t ion  3 .1  that  g a s - d y n a m i c  e f fec t s  d o m i n a t e  the c e n t e r l i n e  r a t e  of 
d e c a y  of n(c) for  X /D > 2. H o w e v e r  fo r  c o m p l e t e n e s s ,  the  coupled  
r e c o m b i n a t i o n  and g a s - d y n a m i c  p r o g r a m  was u s e d  with the  above  
in i t i a l  cond i t ions  in o r d e r  to d e t e r m i n e  ff the  r e s u l t s  of t h e o r y  and 
e x p e r i m e n t  w e r e  i ndeed  c o n s i s t e n t .  In Fig .  22 is a plot  of the  t i m e  
r a t e  of change  of the  f r e e - e l e c t r o n  n u m b e r  d e n s i t y  a t t r i b u t a b l e  to 
g a s - d y n a m i c  e f fec t s  and r e c o m b i n a t i o n  e f f ec t s  fo r  the  in i t i a l  cond i t ions  
of the  e x p e r i m e n t a l  da ta  v e r s u s  t i m e ,  and u s ing  the  c o m p u t a t i o n  m e t h o d  
d e s c r i b e d  in Sec t ion  3 .1 .  

The  c o l l i s i o n a l - r a d i a t i v e  r e c o m b i n a t i o n  r a t e  does  d o m i n a t e  in the  
r e g i o n  X/D < 2. H o w e v e r ,  in the  p r a c t i c a l  s e n s e  th i s  p o r t i o n  is 
i n a c c e s s i b l e  b e c a u s e  of the  blown a r c  which  p r o t r u d e s  to about X /D  = 2 
and c a u s e s  the  a s s u m p t i o n s  of a f i e ld  f r e e  e x p a n s i o n  to be i nva l i da t ed .  
In the  r e g i o n  (3.0 < X/D < 6.0)  w h e r e  a n a l y s i s  of the  da ta  is  j u s t i f i a b l e  
the  g a s - d y n a m i c  r a t e  d o m i n a t e s ,  which  is c o n s i s t e n t  wi th  the  t h e o r e t i c a l  
work  of Sec t ion  2. 1 and the  a n a l y s i s  of the  e x p e r i m e n t a l  da ta  p r e s e n t e d  
in th is  Sec t ion .  

4.0 SUMMARY AND CONCLUDING REMARKS 

This  work  has p r o v i d e d  a s tudy of the  e l e c t r o n  n u m b e r  d e n s i t i e s  
and r e c o m b i n a t i o n  r a t e s  to be e x p e c t e d  a long the  c e n t e r l i n e  of the  f r e e l y  
expand ing  p l u m e  f r o m  an a r g o n  or  h e l i u m  a r c j e t .  The  p u r p o s e  of the  
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s tudy  was  to e x a m i n e  the  r e l a t i v e  r a t e s  of d e c a y  of the  f r e e - e l e c t r o n  
n u m b e r  d e n s i t y  a t t r i b u t a b l e  to the  r e c o m b i n a t i o n  p r o c e s s e s  and the  
g a s - d y n a m i c  p r o c e s s e s .  F o r  t h i s  p u r p o s e  the equa t ions  d e s c r i b i n g  the  
r e c o m b i n a t i o n  p r o c e s s  w e r e  s u p e r p o s e d  wi th  the  equa t ions  d e s c r i b i n g  
the  f r e e  i s e n t r o p i c  e x p a n s i o n  of an  idea l  gas .  In th i s  m a n n e r ,  c a l c u l a -  
t i ons  c o m p a r i n g  the r a t e  of change  of the  f r e e - e l e c t r o n  n u m b e r  d e n s i t y  
c a u s e d  by r e c o m b i n a t i o n  to the  r a t e  of change  c a u s e d  by the  g a s - d y n a m i c  
e x p a n s i o n  w e r e  m a d e  fo r  a r a n g e  of cond i t ions  s i m i l a r  to t hose  a n t i c i -  
pa ted  fo r  a t y p i c a l  a r c j e t  p lume .  

In the  r a n g e  of s t a g n a t i o n  cond i t ions  s tud i ed  (3 ,000°K < t o t a l  ga s  
t e m p e r a t u r e  < 4 , 9 0 0 ° K ;  1 x 1017 cm -3 < e l e c t r o n  n u m b e r - d e n s i t y  < 
5 .00  x 1018 c--m-3; and 1 ,200°K < e l e c t r o n  t e m p e r a t u r e  < 20 ,000°K~  the 
g a s - d y n a m i c  r a t e  of d e c a y  of the  f r e e - e l e c t r o n  n u m b e r  d e n s i t y  g e n e r a l l y  
d o m i n a t e d  the  r e c o m b i n a t i o n  r a t e .  It was  f u r t h e r  found tha t  t h o s e  
cond i t ions  for  which  the r e c o m b i n a t i o n  r a t e  did d o m i n a t e  o v e r  the  
g a s - d y n a m i c  r a t e  of d e c a y  of the  f r e e - e l e c t r o n  n u m b e r  d e n s i t y  r e q u i r e d  
e l e c t r o n  d e n s i t i e s  wh ich  a r e  in  the  r a n g e  of, but  a r e  g e n e r a l l y  g r e a t e r  
than ,  t h o s e  n o r m a l l y  a c h i e v e d  in  t y p i c a l  a r c j e t  e x p e r i m e n t s .  F u r t h e r ,  
t h i s  d o m i n a t i o n  by r e c o m b i n a t i o n  p r o c e s s e s  o c c u r s  only fo r  a s h o r t  
d i s t a n c e  d o w n s t r e a m  of the nozz l e  ex i t ,  X / D  < 2. A n a l y s i s  of a v a i l a b l e  
e x p e r i m e n t a l  da ta  c o n f i r m e d  t h e s e  c a l c u l a t e d  r e s u l t s .  T h i s  da ta  
a n a l y s i s  showed  tha t  the  e l e c t r o n  n u m b e r  d e n s i t y  d e c a y  a long the  
c e n t e r l i n e  of the  p l u m e  was  f u n c t i o n a l l y  an  i n v e r s e  s q u a r e  d e p e n d e n c e ,  
as  is  r e q u i r e d  by p o t e n t i a l  flow t h e o r y ,  and f u r t h e r ,  tha t  the  d e g r e e  of 
i o n i z a t i o n  was  v e r y  n e a r l y  cons t an t  as  a func t i on  of ax i a l  d i s t a n c e  
f r o m  the  a r c j e t  nozz l e .  T h i s  l a t t e r  r e s u l t  is  f u r t h e r  e v i d e n c e  tha t  the  
r e c o m b i n a t i o n  p r o c e s s  did not  a f fec t  the e l e c t r o n  d e n s i t y  a p p r e c i a b l y  
in the  r e g i o n  s tud ied ,  as  it would have  if i t  w e r e  an i m p o r t a n t  f e a t u r e  
of the  decay .  

It is  thus  conc luded  tha t  d e t e r m i n a t i o n s  of the  e l e c t r o n  n u m b e r  
d e n s i t y  in  the  expand ing  p l u m e  of the  a r c j e t  wi l l  r e f l e c t  the  e f fec t  of 
the  g a s - d y n a m i c  e x p a n s i o n  r a t h e r  than  the  c o n t r i b u t i o n  of the  r e c o m b i -  
na t ion  m e c h a n i s m s .  Hence ,  the  a r c j e t  p lume  cannot  be u sed  fo r  d i r e c t  
d e t e r m i n a t i o n  of the  r e c o m b i n a t i o n  r a t e  coe f f i c i en t  f r o m  the  e l e c t r o n  
n u m b e r  d e n s i t y .  R a t h e r ,  a p r e v i o u s  a p p r o a c h ,  d e s c r i b e d  in  Ref .  11, 
wh ich  r e q u i r e s  d e t a i l e d  s p e c t r a l  i n t e n s i t y  a n d / o r  a b s o r p t i o n  m e a s u r e -  
m e n t s  to d e t e r m i n e  the  exc i t ed  s t a t e  d i s t r i b u t i o n  func t ion  shou ld  be 
used .  T h e s e  d e t a i l e d  i n t e n s i t y  m e a s u r e m e n t s  wi l l  not  only p r o v i d e  
m e a n s  to d e t e r m i n e  the  r e c o m b i n a t i o n  r a t e  c o e f f i c i e n t s ,  but  a l s o  t he  
m e a n s  to e x a m i n e  the  fu l ly  t r a n s i e n t  p l a s m a  d e c a y  p r o b l e m  (Ref. 16). 
T h e s e  s t u d i e s  could be a c c o m p l i s h e d  wi thout  r e c o u r s e  to the  s i m p l f y i n g  
q u a s i - s t e a d y - s t a t e  a s s u m p t i o n  u sed  h e r e .  
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NOMENCLATURE 

A 

A(p, q) 

C 

C 

D 

e 

e 
f 

h 

K(c, p) 

K(p, c) 

K(p, q) 

k 

L 

M 

N + 

n 

n(c) 

n(N +) 

n(p) 

P, q 

R 

S 

Te 

E m p i r i c a l  cons tant  

T r a n s i t i o n  p robab i l i t y  f r o m  p to q s e c - 1  

E m p i r i c a l  constant  

Speed of sound, c m / s e c  

D i a m e t e r  of nozzle ,  cm 

Charge  on e lec t ron ,  4.80286 x 10 -10 s ta t  
coulomb 

E l e c t r o n  

Planck's constant ,  6.62517 x 10 -27 e r g s - s e c  

Rate  coeff ic ient  for  t h r e e - b o d y  r e c o m b i n a t i o n  
into quantum s ta te  p, c m 3 / s e c  

Rate coeff ic ient  for  co l l i s iona l  ioniza t ion  by 
e l e c t r o n s  f rom quantum s ta t e  p, c m 3 / s e c  

Rate  coeff ic ient  for  exc i ta t ion  or de -exc i t a t i on  
f r o m  l eve l  p to l eve l  q, c m 3 / s e c  

Bo l t zmann ' s  constant ,  8.6164 x 10 -5 e V / ° K  

Leve l  of ioniza t ion  

Mach number  

Singly ionized a tom 

Neu t ra l  a tom number  dens i ty ,  cm -3 

E l e c t r o n  number  dens i ty ,  cm -3 

Ion number  dens i ty ,  cm -3 

Number  dens i ty  of a toms in quantum s ta t e  p, crn -3 

Symbol ic  for  se t  of quantum n u m b e r s  def ining 
ene rgy  l eve l s  

Gas constant ,  e r g / ( g - m o l e ) / ° K  

C o l l i s i o n a l - r a d i a t i v e  ion iza t ion  coeff ic ient ,  
c m 3 / s e c  

E l e c t r o n  t e m p e r a t u r e ,  °K 
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Tg 

t 

&t 

V 

X 

Xo/D 

Z 

13(p) 

F 

,y 

12 

P 

SUBSCR IPTS 

1, 2 

CRR 

G 

O 

Gas temperature, °K 

Time, sec 

Average elapsed time, sec 

Velocity of flow, cm/sec 

Distance from nozzle along centerline, cm 

Nondimensional geometric constant 

Refers to the level of ionization 

Collisional-radiative re combination rate 
coefficient, cm 3/sec 

Rate coefficient for radiative recombination 
into quantum state p, cm3/sec 

Collisional-radiative decay coefficient, cm 3/sec 

Ratio of specific heats 

Wavelength, cm 

Frequency, 1/sec 

Mass density, g/cm 3 

Refers to two points in the flow along the 
centerline 

Refers to collisional-radiative recombination 
contributions only 

Refers to gas-dynamic contributions only 

Refers to, stagnation values or starting position 
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